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Approximate  one-dimensional  formulas  have been derived for the t empera tures  in composite 
rods ,  which incorpora te  the nonuniform t empera tu re  distr ibution in the t r ansve r se  direction.  

One frequently employs the one-dimensional  approximation irt calculating the tempera ture  conditions 
in models for e lect ronic  equipment; this approximation gives sa t i s fac tory  resul ts  for small  values of the 
Blot c r i t e r ion  [1] for the rmal  models in the form of uniform rods of finite length. The accuracy  of such 
models may be improved by refining the one-dimensional  theory by est imating the t r ansve r se  tempera ture  
variat ion.  This is par t icu lar ly  important  for mult i layer  rods made of different mater ia ls ,  since the exact 
analyt ical  solutions that can genera l ly  be obtained only for simple boundary conditions a re  largely unsuit-  
able because  of the large  computational volume. 

We consider  the heat t r a n s f e r  in a double cyl inder  heated at the base and in an a tmosphere  of t em-  
pe ra tu re  Tam in the case of heat t r ans fe r  f rom the side of the cylinder to the environment by free convec- 
tion and radiation,  with a constant overal l  hea t - t r ans fe r  coefficient ~; this amounts to solving Laplace ' s  
equation for the dimensionless  t empera tu re  u = (T --  Tam)/(To -- Tam):  

Au (r, z) = 0 (1) 

subject  to the boundary conditions 

u (r, O)=  1, u, (r, l ) =  O, --X~u r (a, z) = au (a, z). 

The conditions for linking the solutions a re  equality of the t empera tu res  and heat fluxes at the boundary 
between the outer and inner  cyl inders :  

u (rl - -  O, z) = u (r 1 + O, z), kxu, (r 1 - -  O, z) = u, (r i + O, z). (2) 

In the par t i cu la r  case kA = 1 (uniform rod) the solution takes a par t icu lar ly  simple form as a ser ies  

of eigenfunctions:  I - -  z 

~..~l, J, (~.) Jo ~" a ch ~ .  a 
u ( r . z ) = 2  - . . : z w - , ,  , :  . ~ - ,  - - -  T " (3) 

= Ix-[J0(~t~)+Jl(~t~)] chl~, -a- 

where the t~n a re  the posit ive roots  of the equation 

~j~ 0x) = Bi J0 (~). (4) 

It can be seen f rom the analysis  of [1] that  for  reasonably  long uniform rods ( l / a  > 1.0) the maximum 
deviations of the axial t empera tu re s  f rom the one-dimensional  distr ibution are  localized near the base of 
the rod,  while the deviations dec rease  towards the top end, and the more  so the g rea te r  the relat ive length 
of the rod.  The physical  t r ea tment  of the t empera tu re  distr ibution in such a model indicates that the one- 
dimensional  solution is accompanied by some function that dec reases  rapidly as z increases ,  or a function 
of boundary- l aye r  type in the te rminology of [3]. For  brevity,  in what follows we r e s t r i c t  ourselves  only 
to the case of a uniform rod, giving only the final formulas for a double rod.  
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T A B L E  1. Roots  of the  C h a r a c t e r i s t i c  Equa t ion  (9) fo r  k a = 0.5 

kx o.1 o.2 o,5 ~,o 2,o 5,o m.o 

~2 

V4 
I% 
~8 

4,6197 
6,5256 

10,8602 
12,7750 
17,1312 
19,0454 

4,4700 
6,6251 

10,7228 
12,8873 
16,9979 
19,t622 

4,1515 
6,8256 

10,4420 
13,1122 
16,7273 
19,3961 

3,8317 
7,0156 

10,1735 
13,3237 
16,4706 
19,6159 

3,4966 
7,2079 
9,9032 

13,5360 
16,2i33 
19,8360 

3,1326 
7,4159 
9,6174 

13,7634 
15,9410 
20,07t2 

2,9530 
7,5211 
9,4767 

13,8776 
15,8064 
20,1889 

If  Bi is  s m a l l  [2], the  f i r s t  pos i t i ve  roo t  #1 in (4) can  be t a k e n  as  rough ly  equal  to  , 2 ~  one can  r e -  
f ine th is  e x p r e s s i o n ,  i . e . ,  the  T a y l o r  s e r i e s  i n B i , b y  i n c o r p o r a t i n g  t e r m s  dependen t  on h ighe r  p o w e r s  of 
Bi :  

~ = V2-B~ ( 1 -  _B~_)+ 0 (Bi~). (5) 

T h e  c o r r e s p o n d i n g  e x p r e s s i o n  fo r  roo t  n of (4) is 

~,~ = ~0) + Bi/~0) q_ 0 (Bi2), 

(0) a r e  the  p o s i t i v e  r o o t s  of J l (#)  = 0. w h e r e  'On 

We expand the  so lu t ion  of (3) as  a T a y l o r  s e r i e s  n e a r  2 ~  fo r  the  f i r s t  t e r m  in the s u m  and n e a r  
p(0) fo r  the  subsequen t  t e r m s  and r e s t r i c t  o u r s e l v e s  to  t e r m s  of the  o r d e r  of Bi to  r e p r e s e n t  the so lu t ion  

�9 of (3) in the  f o r m  

ch]/-~t- -z  , @ [  ca V'~B7 z ~ ]  a ( Bi r2 ~ B i ] / 2 - ~  . 
U (r, Z) , a , z sh l / 2 -~  + 

ch]/2B-i-/a 1---2"a~-)-~ 8ch~! 2 B ~ - / [  chl"2Bi/--a ~ -~- 

Bi ch a ~o) (6) -:- ' z / a l  + 0(BP); 
4 ch I 2Bi l -r- 2Bi exp [--  . _ _  . ( o ) 2 j  ~ .  (o)~ 

- -  n=l ~tn 0~tn ] 
a 

on the a s s u m p t i o n  tha t  the  cy l i nde r  is  long, i . e . ,  tha t  the  r a t i o  a/l is su f f i c ien t ly  s m a l l  and a/l = 0(,,~-{~, 

F o r m u l a  (6) a l lows  one to ca l cu l a t e  p r e c i s e l y  the t e m p e r a t u r e  d i s t r i b u t i o n  in a so l id  rod :  the  f i r s t  
t e r m  r e p r e s e n t s  the  o n e - d i m e n s i o n a l  so lu t ion ,  which is  fo l lowed by  c o r r e c t i o n s  p r o p o r t i o n a l  to  Bi,  which 
i n c o r p o r a t e  the  dependence  of the  t e m p e r a t u r e  on the t r a n s v e r s e  coord ina te ,  while  the  p e n u l t i m a t e  t e r m  
is  a funct ion of b o u n d a r y - l a y e r  type  tha t  d e c r e a s e s  r a p i d l y  for  z l a r g e .  T h e n  (6) a l lows  one to  ca l cu l a t e  
the  t e m p e r a t u r e  a t  any  point  in the  cy l i nde r  to t e r m s  of magn i tude  Bi 2. 

Ana logous  a r g u m e n t s  fo r  a double  c y l i n d e r  lead  to  the  e x p r e s s i o n  

ka (1 - -  k,.) In k. -~ ~ -  [ 1 + k2a(k,, - 1)(3k~--2)1 
ul~= ~ chm(l~z/l) 1 -':- Bi + 

chm [i ,+k~(k~--l)] ~ 

and 

2 (k~. - -  1) 2 In k a 

V 2Bi - -  
+ B i  a 1 1- 1 

2 5 / 2  [1 - r k a ( k a - - l ) ]  ch m 8 k 
Z 

shrn - -  
l z 

ch m l 

1 2  3 
2 ko ( k , , -  1 ) -  k] (k,.-- t) - -  

shm(1--z/[)] +2A,~exp[--g~~ ) 
n=l 

chin(1 --z/l) [ Bi I k~(kz-- 1)lnk~ 
l t ~ r r - - a  ~ " I - -  c 

' -  chm [ 2 l - r k ; ( k ~ - - l )  -7Bi _a_ 2 ' " 1 k ka(kx--1) 

s 1, +  -I1 + / 
q- Bi / + 

[1 +k2a{k,-- I)12 

+ 

(7) 
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Bi 

An 

/~ ~0,I 

-+-1,0027 
0,01 --0,0054 

+0,0033 

+ 1,0273 
0,1 --0,0532 

40,0321 

+1,1343 
0,5 --0,2537 

+o,  15o3 

I f.O/~, 

--0,0045 
--0,9711 
+0,5270 

--0,0420 
--0,9440 
+0,5150 

--0,1739 
--0,8296 
+0,4631 

k~, = 1,0 

An, 

T A B L E  2. T h e r m a l  Ampl i tudes  A n and Values  of Wn fo r  Some 
Values  of the  Blot  C r i t e r i o n  

+1,0025 
--0,0034 
+0,0014 

+1 ,oo25 
--0,0334 
+0,0135 

-}--1,1143 
--0,1572 
+o,os62 

l k~, = I0,0 

A n Or, 

+l,0010 +0,0111 
--0,0012 ~ l ,  1371 
+ 0,0003 Z--O, 5477 

+ 1,0097 -2-' 0, 1202 
-O,OllO +1,0808 
+0,0027 --0,5367 

+ 1,0373 --r-O, 6973 
--0,0434 40,8752 
40,0131 --0,4882 

a 1 [ 1 I k~(k).--  1) 3 k 4  (kx--1)- -  
_ ! _  9 5 f 9  . . . .  

[1--i-k;,(k~,--l)] " chm 8 2 8 " 

T (kz- -  1)~lnk,~ chm l 

_•V r 2Bi r, 
w h e r e  m = , k~ = - and kh = ,,1/J,2; h e r e  Rn(a)  is g i v e n b y  

1 + k~ ( k ~ - - l )  a 
Jo (~t~) - -  r (~t(~ ~ 

Rr* (a) = Jo ( 4 ~ ) )  Jo (k~(2)) (o~ - -  o ) , , Y o ( k # ,  ~ ) '  

�9 (o) (o) (o) 

where r = 
BiY o (~(n ~ - -  ~tcn~ (/x(~~ ' 

and the/~(0) a r e  the  pos i t ive  r o o t s  of the  c h a r a c t e r i s t i c  equat ion  

[k~4 (ko~) r o (4~) - -  Jo (ko~) L (4~)] 4 (~)--  Jo ( k #  (4(4~)(k~ - -  1) L (~) = O, 

and a r e  g iven  in Tab le  t .  The  ampl i tudes  A n a r e  g iven  by 

[2Bi/~l R~ (a) 
k a ( k ~ -  l) - - k x J ~  (k,#,0] + (1 + Bi2/l~)R](a) 

(8) 

(9) 

(lo) 

and w e r e  ca lcu la ted  for  the  value of Bi a p p e a r i n g  in (7)-(8), and this  is the value that  has to  be used  in ca l -  
cu la t ing  the  c o r r e s p o n d i n g  t e m p e r a t u r e .  The  r e s u l t s  a r e  g iven  in Tab le  2. The  roo t s  Pn a r e  the roo t s  of  
the  c h a r a c t e r i s t i c  equa t ion  ana logous  to  (9) fo r  Bi ~ 0, which is obtained f r o m  the condi t ion for  ideal  t h e r -  
ma l  con tac t  be tween  the i n t e rna l  and ex te rna l  cy l inde r s  in (2). If kx  = 1 (or k a  = 0 and k a  = 1), f o r m u l a s  
(7)-(8) b e c o m e  the c o r r e s p o n d i n g  e x p r e s s i o n s  for  a h o m o g e n e o u s  cy l i nde r .  

A n o t h e r  i m p o r t a n t  point  is tha t  (7)-(8) can be de r ived  without  r e s o r t  to  the exac t  so lu t ions  to  (1)-(2) 
by  t r a n s f e r r i n g  the  me thods  of s i ngu la r  p e r t u r b a t i o n s  to  the  c a s e  of bounda ry  condit ions of the th i rd  kind 

[3]. 

I f  we r e s t r i c t  o u r s e l v e s  t o  the  f i r s t  t e r m  in the s u m  in the b o u n d a r y - l a y e r  funct ion in (7)- (8), one 
ge ts  e x t r e m e l y  a c c u r a t e  and r e a s o n a b l y  s i m p l e  f o r m u l a s  for  the  t e m p e r a t u r e  in a long homogeneous  o r  
double  rod .  Ca lcu la t ions  w e r e  p e r f o r m e d  with an  M-220 c o m p u t e r  us ing  (7)-(8) with one t e r m  in the s u m  
and gave  v e r y  good a g r e e m e n t  (with an  e r r o r  l e s s  than  1%) with the exact  so lu t ion  up to  Bi of about 0 .7-0.8 ,  
which a r e  va lues  commonly ,  r e a l i z e d  in p r a c t i c e  with r e a s o n a b l y  long rods  and exis t ing  cons t ruc t iona l  m a -  

t e r i a l s .  

N O T A T I O N  

T 
z 

r 
l 

is  the  abso lu te  t e m p e r a t u r e ;  
is the c o o r d i n a t e  a long the  rod ;  
is  the r ad i a l  coo rd ina t e ;  
is the l i nea r  d imens ion ;  
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k is the thermal  conductivity; 
.~ is the h e a t - t r a n s f e r  coefficient;  
J0(x), Ji(x), Y0(x), Yl(x) a re  the Besse l  functions of the f i rs t  and second kinds; 
Bi = ~a/~2 is the Blot number;  
k x =~.l/k2; k a =r ja  a re  the d imensionless  coeff ic ients .  

S u b s c r i p t s  

am 
1 
2 
n 

is the ambient medium; 
is the internal cylinder; 
is the external cylinder; 
is the series term. 

1. 

2. 
3. 
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